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ABSTRACT 

At the leading order, .M-theory admits minimal supersymmetric compactifications if 
the internal manifold has exceptional holonomy. Once we take into account higher order 
quantum correction terms in the low energy effective action, the supergravity vacua have to 
be deformed away from the exceptional holonomy if we want to preserve the supersymmetry 
of the solution. In this paper we discuss the Spin(7) holonomy case. We derive a perturbative 
set of solutions which emerges from a warped compactification with non-vanishing flux for 
the .M-theory field strength and we identify the supersymmetric vacua out of this general 
set of solutions. For this purpose we have to evaluate the value of the quartic polynomial 
Jo on a Spin(7) holonomy manifold as well as its first variation with respect to the internal 
metric. We show that in general the Ricci flatness of the internal manifold is lost. 
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1. INTRODUCTION 



Low dimensional compactifications of .M-theory have previously been discussed in the 
literature. In particular .M-theory compactifications on Spin(7) holonomy manifolds 2 lead 
to a minimal supersymmetric theory in three dimensions 0, [J. In a previous work 0, 
we have explicitly derived the low energy effective action that emerges from .M-theory 
compactification on Spin(7) holonomy manifolds in the presence of non-zero background flux 
for the field strength. We have also determined the scalar potential generated for the moduli 
fields by the field strength flux and we have constructed an off-shell component formulation 
of the three-dimensional M = 1 supergravity coupled with an arbitrary number of scalar and 
U(l) gauge fields. We concluded that most of the moduli fields are stabilized but the radial 
modulus remained unconstrained. The resulting three-dimensional theory is interesting 
because it can not be obtained by a reduction from a supersymmetric four- dimensional 
theory 3 , thus one might understand the mechanism of M = 1 supersymmetry breaking 
in four dimensions by studying the three-dimensional theory with M = 1 supersymmetry. 
Also, because the string world-sheet is two-dimensional one expects to observe interesting 
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and for this reason 



phenomena upon compactification of string theory to two dimensions 
three-dimensional compactifications of M-theory are attractive. As well, the vanishing of 
the four-dimensional cosmological constant can be treated from a three-dimensional point 
of v.ew a8 p r op 08 e d b y Witten in RQ and exemplified in the three-dimensional ease in Q. 
Another strong reason to pursue a serious analysis of .M-theory on such a background is the 
close relation which exists between manifolds with Spin(7) holonomy and manifolds with 
Gi holonomy 4 . 

In general, due to membrane anomaly 0, [h| 



and the global tadpole anomaly 



12] 



the compactification of .M-theory on eight- dimensional manifolds involves the presence of 
a non- vanishing flux for the field strength .13]. The supersymmetry imposes restrictions on 
the form of the field strength flux. In the Spin(7) holonomy case the restrictions imposed 



2 For a mathematical introduction into the subject of manifolds with exceptional holonomy the reader can 
consult the book by Dominic Joyce |l|. 

3 The minimal supersymmetric theory in four dimensions compactified on S 1 produces a three-dimensional 
theory with Af = 2 supersymmetry. 

4 .M-theory compactified on manifolds with Gi holonomy generates a minimal supersymmetric theory in 
four dimensions which is more appealing from a phenomenological point of view. 
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to the flux were derived in It was later shown in Q and that these constraints 
can be derived from certain equations which involve the superpotential 5 

W = D A W=Q, (1.1) 

where D A W indicates the covariant derivative of W with respect to the moduli fields which 
correspond to the metric deformations of the Spin(7) holonomy manifold. We want to note 
that the compactness of the internal manifold was essential in the analysis performed in 
and 16]. In the present paper we restrict ourselves to manifolds with Spin(7) holonomy 
which are smooth and compact 6 . However, as stated in Q|, the result obtained using (jl.lj) is 
valid for non-compact manifolds as well but the proof does not involve the above mentioned 
equations. The existence of a Ricci flat metric for such manifolds is not guaranteed as in the 
Calabi-Yau case therefore we will tacitly suppose that there are such metrics and we will 
perform all the derivations under this assumption. Even if we will be concerned only with 
compact manifolds which have Spin(7) holonomy we would like to mention a few papers 
such as jl?] . Q| where non-compact examples of such manifolds have been constructed and 
analyzed. Also in ^| aspects of topological transitions on non-compact manifolds with 
Spin(7) holonomy and phase transitions have been considered. A more complete list of 
papers regarding singular manifolds with exceptional holonomy can be found in j^] which 
is a recent review of the subject. 

In the present paper we are interested in finding all the vacua generated by a warped 
compactification of A'l-theory on compact eight-dimensional manifolds with Spin(7) holon- 
omy in the presence of a non-zero flux for the field strength. We will take into consideration 

9/3 

all the known terms in the low energy effective action up to the order n n , where Ku is the 
eleven- dimensional gravitational coupling constant. Not all the terms in the effective action 
are known to this order therefore we will need a criteria to consistently eliminate the contri- 
bution to the equations of motion that comes from these unknown terms. Terms like F 2 R 3 

-2/3 n 

are known to appear in the k u order [21[ but they are suppressed in the large volume limit 



221 ] . Therefore the key ingredient would be to consider a perturbative series expansion in 



terms of a dimensionless parameter which is defined by the square of the ratio between the 



5 The external space is considered to be Minkowski. 

6 A compact manifold with Spin(7) holonomy is simply connected. For details see 
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"radius" of the manifold 7 and the eleven-dimensional Planck length. In a realistic scenario 
the average size of the internal manifold is much bigger than the eleven-dimensional Planck 
length and because of this, the above ratio generates a big number. The ansatz that we 
will make is to consider that the internal metric is of order one in this parameter. If we 
restrict ourselves to the first few orders of this perturbative expansion we can exclude the 
contribution that comes from the above mentioned unknown terms. Such a large "radius" 
expansion for the case of Calabi-Yau internal manifold was previously considered in [23] and 
241- 

The paper is organized as follows. In section [21 we introduce for completeness the low 
energy effective action of A^-theory with all the known leading quantum correction terms. 
Also we carefully define the quartic polynomials in the Riemann tensor, that enter in the 
definition of the quantum correction terms. In section [3] we analyze perturbatively the 
equations of motion and we derive conditions that have to be satisfied by the internal 
background flux in order to have a valid solution. Also at the end of section 01 we argue that 
in general the internal manifold losses its Ricci flatness once the quantum correction terms 
are taken into account. However we show that the manifold remains Ricci flat if a certain 
condition is satisfied by the warp factors. In section 0] we discuss some of the properties of 
the quartic polynomials E$, J and X 8 . These properties are used throughout our analysis 
presented in section El and we have considered it is useful to have them listed in a separate 
section. In particular in sub- sect ion 14.21 we prove that Jo vanishes on a Spin(7) background 
and we also derive a compact expression for the first variation of Jo with respect to the 
internal metric. At the end of sub-section 14.21 we compute an elegant formula for the trace 
of the first variation of J . In section [5] we identify the subset of supersymmetric solutions 
by analyzing the supersymmetry conditions that emerge from the superpotential. Our brief 
concluding remarks are shown in section [Bl In appendices we provide the conventions used 
in this paper as well as some useful identities and small derivations of results which were 
used in different sections of the paper. 

7 The "radius" of the manifold is nothing else but the characteristic length of the manifold. 
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2. THE LOW ENERGY EFFECTIVE ACTION 



For completeness we introduce in this section the bosonic truncation of the eleven- 
dimensional supergravity action along with its known correction terms. The effective action 
for A4 -theory has the following structure 

S = S + S! + ... . (2.1) 

In the above expression So represents the bosonic truncation of eleven- dimensional super- 
gravity [2i| and Si represents the leading quantum corrections term. So is of order k^, S\ 
is of order /t n 2//3 and the ellipsis denote higher order terms in K\\. The explicit expressions 
of So and S\ are 

., , - ■ v v- "4- / ( F A *F + - 

2k?i J m „ 4k?, ] m „ \ 3 



So = 77V / d u x^jR V / [ F A*F + ~C A F A F ) , (2.2) 

11 "ll JMn 4Ku JMu 



Si = -T 2 I CAXs + hTil d xx xj=g ( J - \e 8 ) + . . . , (2.3) 

where F = dC is the four-form field strength of the three-form potential C and bj is a 
constant 

T 2 is the membrane tension and it is related to the eleven-dimensional gravitational coupling 
constant by 

,-(£)" 

The components of the eight-form X 8 are quartic polynomials of the eleven-dimensional 
Riemann tensor 



1 



192 (2tt) z 



X 8 (M 11 ) = — — - — Trft 4 -^(Trft 2 ) 2 , (2.6) 
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where IZij = \R%jki e fe A e l is the curvature two-form written in some orthonormal frame 
e l . Furthermore, Eg and Jo are also quartic polynomials of the eleven-dimensional Riemann 
tensor and have the following expressions 

F (M \ — sABCM\N\...MaNa t>M[N\ U M k N k (0 7\ 

m\M n ) - - 7y <J ABCM ^...M! l N^ K 1 M 1 N 1 ----tt 4 M 4 N 4 , {<&■() 

Jo(Mn) = t M ^- M t M[N[ ... M , N , R M ^ MlNl ■ ■ ■ R M ^m 4 n 4 + \E 8 (M U ) . (2.8) 
The tensor t is defined by its contraction with some antisymmetric tensor A 

t Ml " M 'A MlMa . . . A M?M8 = 24trA 4 - 6(trA 2 ) 2 . (2.9) 
More details regarding E 8 , J and X 8 can be found for example in 



3. THE EQUATIONS OF MOTION 



In this section we perform a perturbative analysis of the equations of motion and we 
derive the conditions that the internal flux has to satisfy in order to have a valid solution. 
We conclude this section with a discussion about the way the internal manifold gets deformed 
under the influence of higher order correction terms. 

The equation of motion which follows from the variation of action (j2.1J) with respect to 
the metric is 



1 1 1 S 

Rmn{Mu) — -gMNR(Mu) — —Tmn = —(3 , — - r _ MN 



(3.1) 



where Tmn is the energy momentum tensor of F given by 

Tmn — Fmpqr F n pqr — - g MN F P q RS F pqrs , (3.2) 

o 

and we have set (3 = 2k^ 1 6 1 T 2 . We have listed in appendix the expressions for the external 
and internal energy-momentum tensor. Also in the above mentioned appendix we provide 
the results obtained for the external and internal components of the term in right hand side 
of the Einstein equation (j3.1|) . 

Without sources the field strength obeys the Bianchi identity 

dF = 0, (3.3) 

and the equation of motion 

d * F = \f A F + ^X 8 . (3.4) 
2 b\ 

The metric ansatz is a warped product 

ds 2 = g MN dX M dX N = rj liV (x,y)dx tl dx u + g mn (y) dy m dy n 

= e 2A{v) V^u(x) dxV + e 2B ^ g mn (y) dy m dy n , (3.5) 

where rj^ describes a three-dimensional external space M 3 and g mn is a Spin(7) holonomy 
metric of a compact manifold M§. As usual the big Latin indices M, N take values between 
and 10, the Greek indices //, v take values between and 2 and small Latin indices m, 
n take values between 3 and 10. Also, X M refers to the coordinates on the whole eleven- 
dimensional manifold Mn, x^ are the coordinates on M3 and y m are the coordinates on Mg. 
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We want to note that Mn is the direct product between M3 and M§ only in the leading 
order approximation. 

In what follows we introduce a dimensionless parameter "£" defined as the square of the 
ratio between Z 8 , the characteristic size of the internal manifold M 8 , and Z n which denotes 
the eleven- dimensional Plank length 

< =(A) 2 » 1 , (3.6) 

where 1$ is given by 

(Zs) 8 = / dPyy/g, (3.7) 

and we have considered that 1$ 3> hi- We will suppose that all the fields of the theory have 
a series expansion in "i" and we will analyze the equations of motion order by order in the 
"t" perturbative expansion. We consider that the metric of the internal compact space M 8 
has the following series expansion in "t" 

9mn = t [g il) }mn + [g^mn + ■■■ ■ (3.8) 

Thus the inverse metric is 

where the expressions of the above expansion coefficients are derived in appendix O It is 
obvious now that the Riemann tensor, the Ricci tensor and the Ricci scalar of the internal 
manifold M 8 will have a series expansion in "t" of the form 

R a mbn (Ms) = [R {0) ] a mbn + t- l [R {l) ] a mbn + . • • , (3.10) 

Rmn(M 8 ) = [R {0) ] mn + r l [R {1) ] mn + . . . , (3.11) 

R(M 8 ) = t^R^ + r 2 R {2) + . . . , (3.12) 

where the coefficients in the above expansions can be determined in terms of the expansion 
coefficients of g mn and g mn and their derivatives. It is not so obvious at this stage of 
computation that the right ansatz for the warp factors is 

X = r 3 X {3) + ... => e x = 1 + t' 3 X {3) + ... , (3.13) 

with X = A,B. The motivation for this ansatz comes from the fact that the internal 
Einstein equation receives contributions from the quantum correction terms in the t~ 3 order 
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of perturbation theory. It is natural to suppose that the effect of warping appears at the 
same order in the equations of motion to compensate for this extra contribution. 

The Poincare invariance restricts the form of the background flux F to the following 
structure 

F = F 1 + F 2 , (3.14) 
where i*\ is the external part of the flux 

F x = - { [V m f(y)} dx» A dx v A dx p A dy m , (3.15) 

and F2 is the internal background flux 

F 2 = ^ F mnpq (y) dy m A dy n A dtf A dy* . (3.16) 

We also expand / and F in a power series of t 

/ = /«>)+ *-!/(!) + ..., (3.17) 

and 

F = F (0) + + . . . . (3.18) 

Taking into account that the three-dimensional space described by rj^ u is not at all influ- 
enced by the size of the eight-dimensional manifold Mg described by g mn , all the quantities 
that emerge from the metric rj^ are of order zero in an expansion in "i" , in other words all 
these quantities are independent of the scale "t" . The external manifold suffers no change 
due to the deformations of the internal manifold and rj^ generates the same equations of 
motion as in the absence of fluxes and without the quantum correction terms. The zeroth 
order of the external component of equation (J3.1)) reads 

R^(M 3 ) - -v^R{M 3 ) = , (3.19) 

therefore 

R^(M 3 ) = 0, (3.20) 

R(M 3 ) = 0. (3.21) 

A careful analysis of the internal and external Einstein equations to orders no higher 
than t~ 2 and t~ 3 respectively reveals that the internal manifold remains Ricci flat to the t~ 2 
order in perturbation theory 

Rmn = -^mn = -^mn = > (3.22) 
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and the Ricci scalar vanishes to the t 3 order 

fl(D = jR (2) = jR (3) =0 . (3.23) 

These results are natural because we expect to observe deformations of the internal manifold 
starting at the t~ 3 order since the quantum correction terms are of this order of magnitude 
in an expansion in "t" and in addition the warp factors were chosen to be of the same order 
of magnitude. As a matter of fact, to order t~ 2 even the warping has no effect and the 
eleven- dimensional manifold is a direct product between M3 and M 8 . 

We can also derive from the equation of motion ()3.4|) that the covariant derivative of the 
external flux vanishes to order t~ 2 

V m / (0) =V m / (1) =V m / (2) =0. (3.24) 

Collecting these facts we are left with the following field decomposition for R mn (M 8 ), R(M 8 ) 
and V m / 

R(M 8 ) = t~ 4 R^ + . . . , (3.25) 
R mn (M 8 ) = r 3 R® + t" 4 R { ± + ..., (3.26) 
v m / = r 3 v m /( 3 ) + t~ 4 V m f^ + .... (3.27) 

To order t~ 4 the external component of the equation of motion (J3.1|) has the following 
form 

R W _ AA^A^ - - -L [F(°)] 2 + ^ 4) (M 8 ) = , (3.28) 
where we have defined 

AW = [s (1) ] mn V m V n , (3.29) 

and 

[F (o)] 2 = [g ^Y [g^r \9 {1) r m> [9 W r' FSL *2Lv • (3-30) 

We note that the right hand side of (|3.1j) has been evaluated on the un- warped background 
because to this order the warping is not felt by that term. To order t~ 4 in perturbation 
theory the trace of the internal Einstein equation has the following form 

3[ij(4) _ 7A W A (3) _ 14A (i) B (3)] = 2 ™p A (D Ue£\m 8 ) + fiW • z®] . (3.31) 
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Eliminating the term from equations (|3.28|) and (J3.31j) we obtain an equation for the 
warp factor and the internal flux 

3A^A^ - — [F^] 2 + ^ 4) (M 8 ) - 2 15 (3 A« U Ef ] (M 8 ) + ■ M = . (3.32) 
48 2 L 

The equation of motion for the external flux at the order t~ 4 is |24j 

A« /(3) - L F (o) *(U F (o) + ^ (Mg) = o ; (3.33) 
48 2 

where the Hodge *^ operation is performed with respect to the leading order term [g^jmn of 
the internal metric. If we subtract ()3.33j) from ()3.32j) and integrate 8 the resulting expression 
we obtain that F^ is self dual with respect to *W operation 

F<°> = F<°> , (3.34) 

and it satisfies 

F (0) AF(°) = | X8 ', (3.35) 



" 24 

where Xs' is the Euler character of ML The last relation is obtained from integrating out 



the equation ()3.33|) and considering that the internal flux is self dual. The condition ()3.3f 
is nothing else but the perturbative leading order of the global tadpole anomaly relation 9 
that the internal flux has to obey when compactifications of .M-theory on eight-dimensional 



manifolds are taken into consideration 



121. 



The difference between equations (13.33)) and ()3.32|) together with the self duality condition 
(I3.34J) of the internal flux produces an equation which relates the warp factor A to the 
external flux 

A (i) |j(3) _ 3A (3) + 2 i5 f3 J 4jE ( 3 )(M 8 ) + fi (2) -2 (5) ]} =0. (3.36) 
Also the self-duality of the internal flux implies the vanishing of the following expression 

[F^] mabc [F^] n abc - \ [gW] mn [F(% bcd [F^Y 04 = , (3.37) 

o 



8 The integration is performed on a manifold which we have denoted Mg, whose metric is [p^'jmn- In some 
sense we can think of [g^^mn as being the undeformed Spin(7) holonomy metric and the next order term 
[j^] ra „ being the deformation from the exceptional holonomy metric. Hence Mg can be thought as the 
undeformed Spin(7) holonomy manifold. We also want to note that Eg (Mg) is the Euler integrant of 

ML 

9 We remind the reader that we have not considered space-filling membranes in our calculations. 
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where the details of the derivation are provided in the appendix B of [27[ . Therefore we are 
left with the following form for the internal Einstein equation to the order t~ 3 in perturbation 
theory 

i / xv \ ••• 

= 0, (3.38) 



^mn — 2 ®™ n ^Smn^ 1 " 1 ~ V m V„] + (3 . ^ 



where 5Y/5g mn and its trace are computed in section l4~2l and we have denoted 



C = A + 2B . 



(3.39) 



The internal manifold remains Ricci-flat only under a very specific condition. To determine 
this condition we replace in ()3.38|) the expression for the perturbative coefficient of the Ricci 
scalar obtained from (|3.31j) 

5Y n (4) 



(3.40) 



and we recast ()3.38j) in the following form 



+ - q W 

mn 1 q Hmn 



P [9 



,(j6 



5Y 



Sg 



ab 



(•1) 



- 3A«C< 3 ) 



+ 



5Y 

Sg mr ' 



(3) 



3VmV n C 



0. (3.41) 



Now it is easy to see that Ricci flatness to this order in perturbation theory requires that 



3 \5g mn ) 



(3) 



(3.42) 



which is a strong constraint on the warp factors. We can conclude that the internal manifold 
gets modified at the t~ 3 order in perturbation theory in the sense that in general it looses 
its Ricci flatness unless very restrictive constraints are imposed to the warp factors. 



4. SOME PROPERTIES OF THE QUARTIC POLYNOMIALS 

In this section we look at some of the properties related to the quartic polynomials in the 
Riemann tensor which appear in the low energy effective action of .M-theory. More precisely 
we will derive several relations obeyed by the polynomials which appear in the definition 
(12. 3|) of Si- There are three different subsections, one for each of the polynomials E 8 , J and 
X 8 . We want to emphasize that all the properties of these polynomials are computed on an 
undeformed background, i.e. our background is a direct product M 3 x M 8 with M 3 being 
maximally symmetric and M§ being a Spin(7) holonomy manifold. Obviously the warping 
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and the deformation of the background will correct all the relations derived in the following 
subsections but these corrections are of a higher order than t~ 4 and we can neglect them as 
our analysis stops at this order in perturbation theory. 



4.1. Properties of Eg Polynomial 

Let us focus now on the properties of the quartic polynomial E 8 defined in (12.7)1 for an 
eleven- dimensional manifold. We can generalize its definition by introducing a polynomial 
E n (Mu) for any even n and any D -dimensional manifold (n < D) as follows 

E n (M D ) = ± 8%;;j£ R k ^ Mi m 2 • • • R K - lK " Mn . lMn , (4.1.1) 

where the indices take values from to D — 1 and the "+" corresponds to the Euclidean 
signature and the "— " corresponds to the Lorentzian signature. As we have mentioned at 
the beginning of section HJ E 8 is computed on a direct product manifold M n = M 3 x M 8 
therefore we have 

E 8 (M 3 x M 8 ) = -E S {M 8 ) - 8R(M 3 )E 6 (M 8 ) = -E 8 {M 8 ) , (4.1.2) 

where R(M 3 ) is the Ricci scalar for the external manifold which is zero in our case. If n = D 
in formula ()4.1.1|) then E n (M n ) is proportional to the Euler integrand of M n . In particular 
for E 8 (M 8 ) we have that 

/ E 8 (M 8 )^d 8 y = -^-, (4.1.3) 

where Xs is the Euler character of M 8 . If the manifold M 8 has a nowhere- vanishing spinor, 
E 8 (M 8 ) and X 8 (M 8 ) are related in the sense that their integrals over M 8 are proportional 
to the Euler characteristic of M 8 . The details of this correspondence are provided in section 
14.31 The variation of E 8 (M 8 ) with respect to the internal metric can be derived using the 
definition (|4.1.1jl or much easier from (|4.1.3j) 

^) = -i s ™ B8 (M 8 ), (4.1.4) 

therefore the trace of the variation is 

gj-^t = _4E 8 (M 8 ) . (4.1.5) 



I inn 
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We want to note that the variation of Eg given in (j4.1.4|) is of order t 5 whereas its trace 
f!4.1.5|) is of order t~ 4 . Finally, for further reference, we provide the perturbative expansion 
for E 8 (M 8 ) and E 6 (M 8 ) 

E 8 (M 8 ) = t- 4 E 8 ^\M 8 ) + ... , (4.1.6) 
E G (M 8 ) = t- 3 E 6 ^(M 8 ) + ... . (4.1.7) 



4.2. Properties of Jo Polynomial 

In this subsection we look closely at the properties of the quartic polynomial Jo defined 
in ()2.8|) . We particularize the background to be Spin(7) holonomy compact manifold and 
we compute the value of J integral on such a background. We will also calculate the first 
variation of Jo with respect to the internal metric and the trace of its first variation. 

As we anticipated in our previous work jj], for a Spin(7) holonomy manifold the integral of 
the quartic polynomial Jo vanishes. Bellow we provide the detailed proof of this statement. 
The essential fact that constitutes the basis of the demonstration is the existence of the 
covariantly constant spinor on a compact manifold which has Spin(7) holonomy. 

The quartic polynomial Jo can be expressed as a sum of an internal and an external 
polynomial |2iJ- Furthermore, these polynomials can be written only in terms of the internal 
and external Weyl tensors j^. [ffjj]. Since the Weyl tensor vanishes in three dimensions we 
are left only with the contribution from the internal polynomial 

/ J (M 11 ) v ^J 11 x= / J (M 8 )^gd 8 y. (4.2.1) 

JMn JMg 

Because the internal manifold has a nowhere-vanishing spinor, the integral of the remain- 
ing internal part can be replaced by the kinematic factor which appears in the four-point 
scattering amplitude for gravitons, as explained in 31 1 

/ J (M 8 )^d 8 y= [ Y^d 8 y, (4.2.2) 

JM$ JMg 

where we have denoted the kinematic factor with Y. As a matter of fact J represents the 
covariant generalization of Y and the modifications of the equations of motion are given in 
terms of Y and its variation with respect to the internal metric. This kinematic factor was 
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written in |32j as an integral over SO (8) chiral spinors 10 

Y= I ' d^ L dijj R exp(R abmn $ L T ab ipL $ R T mn ^) , (4.2.3) 



where (14. 2. 3(1 is evaluated using the rules of Berezin integration. As argued in |32j], Y is 
zero for Ricci-flat and Kahler manifolds, but for general Ricci-flat manifolds it does not 
necessarily have to vanish. In our case, the 8 S of 50(8) decomposes under Spin(7) as 
7 © 1. The singlet in this decomposition corresponds to the Killing spinor rj of the Spin(7) 
manifold. If the holonomy group of the eight-dimensional manifold is Spin(7) and not some 
proper subgroup, then the covariantly constant spinor rj is the only zero mode of the Dirac 
operator, as proved in Moreover, the parallel spinor obeys the integrability condition 
(e.g. see I33J) 

Rabm n r mn v = 0, (4.2 .4) 

therefore the integrand of ()4.2.3|) does not depend on the Killing spinor rj and implies the 
vanishing of Y for Mg with Spin(7) holonomy 

Y = for Ho%(M 8 )] = Spin(7) , (4.2.5) 



which implies the vanishing of the integral (j4.2.1|) . It has been shown in |34| that Y van- 
ishes in the G2 holonomy well. The Calabi-Yau case is another example where the 
polynomial Y vanishes [32]. The fact that the manifold is Ricci-flat and Kahler ensures the 
existence of the covariantly constant spinors, which is sufficient to imply Y = as explained 
in 3^| . We conclude that the integral of Jo vanishes if the internal manifold admits at least 
one covariantly constant spinor, in particular it vanishes for an internal manifold which has 
Spin(7) holonomy. 

In what follows we will derive the first variation of Y with respect to the internal metric. 
One can use ()4.2.3j) to compute the variation of Y and the following result is obtained Q| 

6Y = 4e a ^e^^r ill % lQ2 ---^ x 

Riiizhh -^3*4i3j4 ^isiejsje ^^iii»jijs, • (4.2.6) 

Because the internal manifold has a nowhere vanishing spinor we can transform from the 

n 

spinorial representation to the vector representation 8 V of 5*0(8). From [33j we have the 



10 The eight-rank tensor "i" that appears in |32| is different from our convention. 
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following relation between these representations 

V a = -i(J]T a ) a ^ a , (4.2.7) 

where i] is the unit Killing spinor. After performing the change of representation in ()4.2.6|) 
and using the identity (jB.6|) and relation (jB.10|) we obtain 

5Y = -2 15 n 47 \ fc8 Q j7j8 m7m8 V iT V j7 8g iaj8 , (4.2.8) 

where we have introduced 

rj ab = Q ab + S ah (A 9 Q) 

" van " mn ~ u mn ) y±.^.uj 

Q being the Cayley calibration of the Spin(7) holonomy manifold M 8 . To provide a pertur- 
bative expansion for Q we have to remember that the volume Vm 8 of the internal manifold 
M§ can be expressed in terms of the Cayley calibration 



ftA*fi = 14V M8 , (4.2.10) 
hence it is very easy to realize that the Cayley calibration perturbative expansion is 

Q =f 2Q(2) , -q(1) , ('4 2 111 

The polynomial z k7k8rnrm8 is cubic in the eight-dimensional Riemann tensor and it is defined 
by 

k 7 k s m r m s _ | i-l ai---a 6 fc 7 fc 8 b 1 ---b e m 7 m s p p p (A 9 1 o\ 

^ — |i/| t t - il -aia26if>2 - u 'a3a4f'364 - u '£i5a6fe66 • ^<±.z,. 

It is obvious that the perturbative expansion of z mnpr has the following form 

z mnpr = f -5 ^(5)]» + _ _ (43 ^ 

Finally we determine the expression of the first variation of Y with respect to the internal 
metric 

15— «7*8 — his k k 

— 2 VI krks ^ mrmg^ '37 % 1 (4.2.14) 

"dials 

which contributes at the internal Einstein equation. It is obvious that the leading order of 
()4.2.14|) is t~ 5 , i.e. the leading order of z mnpr . However the term 5Y/5g 1 ^ which appears in 
the equation of motion (|3.1|) is of order t~ 3 . In other words, t~ 3 is the order at which the 
equations of motion receive contributions from the quantum correction terms. As we have 
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explained in section |3J it is natural to suppose that the warping effects are visible to the 
same order in the perturbation theory and this is why we have considered the ansatz ()3.13|) . 

In addition we also need the trace of (|4.2.14j) with respect to the internal metric. We 
provide in what follows the main steps of the derivation. We begin the computation by 
using the definition (|4.2.9|) for f2 and we obtain that 

SY 

n . . — O^ln. . 0*7«8, , Qjrja V7. V7 . ^k 7 ksm 7 m s 

y*8j8 r — ^ li/lSJs" krks iL m7H18 V 17 V ]7^ 

_i_ n . . 0*7*8, xj 7 j8 \7.XJ. ~k 7 k$m 7 m a 
' y«8j8 " k 7 k s u m 7 m 8 v «7 v 37^ 

J- n. ■ A* 7 * 8 0.?M8 V7. V7. y k 7 k 8 m 7 ms 

i i/«8J8 u k 7 k a m 7 ms v t 7 v 

+ 4V a V b (z am bm ) ] . (4.2.15) 

We denote the first, the second and the third terms in the square parentheses of ()4.2.15|) 
with T\, T 2 and T 3 respectively. Using (jB.9J) . T\ can be rewritten as 



T x = 2A (z mn mn ) + A (O • z) 

-2 (V a V fc + V b V a ) (O • z) - 4V a V b {z am bm ) , (4.2.16) 

where A = V a V a and Q ■ z is a short notation for the full contraction between the Cayley 
calibration Q and the z polynomial. The sum of the second and the third terms in ()4.2.15|) 
can be rewritten as 

T 2 + T 3 = 2 (V a V b + V fe V a ) (fi • z) . (4.2.17) 

Therefore we obtain an elegant and compact expression for the trace of (J4.2.14|) 

SY 

g mn - = -2 15 A (2z mn mn + n-z). (4.2.18) 

"Jran 

With the observation that 

z mn mn = 2E G (M 8 ), (4.2.19) 

the result ()4.2.18|) can be expressed as 

5Y 

9mn- s = -2 15 A [4 E 6 (M 8 ) + n-z], (4.2.20) 



)in it 



where Es(Mg) is given by (|4. 1.1)1 for n = 6 and D = 8. It is very interesting to note the 
close resemblance of formula ()4.2.20)) with the corresponding one for Calabi-Yau manifolds 
We also want to emphasize that the shift of the Cayley calibration toward Q is exactly 
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what is needed in order to obtain the simple form of the trace given in (|4.2.20|) . A simple 
analysis of formula (|4.2.20|) reveals that the trace of the first variation of Y is of order t~ 4 . 



5Y 



_ 2 15 A (1) 



4^ 3) (M 8 ) + fi (2) 



,(5) 



r 4 + . . . 



(4.2.21) 



where Eq\m 8 ) was introduced in equation ()4.1.7|) . was defined in ()3.29|) and is a 
coefficient which appears in the perturbative expansion (j4.2.11|) of the Cayley calibration. 



4.3. Properties of X$ Polynomial 

The integral of X S (M S ) over an eight-dimensional manifold M 8 is related to the Euler 
characteristic Xs of the manifold if M 8 admits at least one nowhere vanishing spinor 

/ X 8 (M 8 ) = -^. (4.3.1) 

In our paper M 8 has Spin(7) holonomy, so there is a Killing spinor on M 8 and therefore we 
can use the above property in our derivations. 

In what follows we will justify the relation (|4.3.1|) . The eight-form X 8 is defined by 
relation (|2.6|) and can be expressed in terms of the first two Pontryagin forms P\ and P2 

Xs = ik [p * ~ 4Ps] ' (4 - 3 - 2) 

where 

Pi = --^Tr-R. 2 , (4.3.3) 

P2 = li [(Tr ^ )2 ~ 2T ^ 4] ' (4 ' 3 ' 4) 

and 1Z is the curvature two-form. The existence of a covariantly constant spinor on a 
Spin(7) holonomy manifold means that we have a nowhere vanishing spinor field on the 
eight-dimensional manifold. It has been shown in j^j] that under these circumstances there is 
a necessary and sufficient condition which relates the Euler class and the first two Pontryagin 
classes of the manifold 

e-±ft + ±F? = 0, (4.3.5) 

where e is the Euler integrand of M 8 . Hence, the eight-form X 8 is proportional to the Euler 
integrand of M 8 

X 8 (M 8 ) = -le(M 8 ), (4.3.6) 
and from here the relation in ()4.3.1|) follows immediately. 
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5. THE SET OF SUPERSYMMETRIC SOLUTIONS 



We have determined in section El that the internal flux is a self-dual four form. Since the 
expressions in which the internal flux appears are of order t~ 4 or higher our analysis will be 
performed on an undeformed and unwarped background as we have previously proceeded in 
section As a consequence in this section the manifold M§ is considered to be a Spin(7) 
holonomy manifold. Under these circumstances it is very easy to select the supersymmetric 
solutions. We want to emphasize that our discussion involves the leading order perturbative 
expansion coefficients of the Cayley calibration and the one for the internal flux . 
However, the discussion is not influenced by this fact because the perturbative expansion of 
the fields does not affect their representation, in other words all the expansion coefficients 
will belong to the same representation as the original field. Our analysis is based only on 
the fields representations therefore in what follows we drop the upper index which denote 
the order in perturbation theory and the discussion will make no distinction between the 
full quantities F and f2 and their leading contributions F^ and il^ 2 \ respectively. 

The constraints imposed to the internal flux in order to obtain a supersymmetric vacua 
in three dimensions have been determined in Q|. Later on in ^| these constraints have 
been derived from certain conditions imposed to the superpotential W whose expression was 
conjectured in j^] to be 



W= FAfi. (5.1) 

we have shown that (|5.1|) is indeed the superpotential of the theory and in a consequent 
paper j^J we have proved that the scalar potential of the effective three-dimensional theory 
is 

35- 

V[W}= £ AB D A WD B W, (5.2) 

A,B=l 

where C AB is the inverse matrix of 



I~-ab = t~. / £aA*6j, (5-3) 

and Vm s is the volume of M 8 . We have denoted with bt 5 - the refined Betti number which 
represents the number of anti-self-dual harmonic four-forms £4. The covariant derivative 
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Da is defined through its action on the Cayley calibration 11 



D A Sl = U- (5-4) 

As we have discussed in Q the minimum of the scalar potential (15. 2|) is zero due to its 
quadratic expression. Therefore an AdS^ solution is excluded and a three-dimensional su- 
persymmetric effective theory is obtained only when the scalar potential vanishes, i.e., for a 
Minkowski background. In other words supersymmetry requires 

D A W = A = l,...,b 4 35 -. (5.5) 

Unlike for the four-dimensional minimal supergravity case we do not have to impose W = 
as well in order to obtain V = 0. However having set the Minkowski background in the 
three-dimensional theory we are left with no choice and we must impose W = 0. This is 
because the three-dimensional scalar curvature is proportional to the superpotential 12 . To 
summarize, the conditions that W has to satisfy in order to have a supersymmetric vacua 
are 

W = and D A W = , (5.6) 

where D A W indicates the covariant derivative of W with respect to the moduli fields which 
correspond to the metric deformations of the Spin(7) holonomy manifold. Therefore if we 
want to break the supersymmetry of the effective three-dimensional theory, all we have to 
do is to impose 

W^O or D A W^0, (5.7) 

and as we will see bellow the only way we can break the supersymmetry is through the first 
condition in ()5.7j) because the second condition in (|5.fij) is always valid. Since the general 
solution that emerges from our analysis invalidates the second condition in (|5.7|) from the 
beginning, the only way we can break the supersymmetry is to have a non-vanishing value 
for the vacuum expectation value of the superpotential W. It is obvious that once the 
supersymmetry is broken the relation that exists between W and DaW is no longer valid 
and we can have for example DaW = and W ^ without generating any inconsistencies. 
In other words the superpotential is no longer proportional to the three-dimensional scalar 



11 For more details the reader can consult 

12 More details can be found at the end of the second section of 
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curvature for a non-supersymmetric theory. Having said that let us see what constraints we 
should impose on the internal background flux in order to obtain a supersymmetric solution. 

All the fields on M 8 form representations of the Riemannian holonomy group Spin(7). 
In particular, the space of differential forms on M 8 can be decomposed into irreducible 
representations of Spin(7) and because the Laplace operator preserves this decomposition 
the de Rham cohomology groups have a similar decomposition into smaller pieces. Here we 
are interested in the four-form internal flux of the field strength of A^-theory therefore we 
need the decomposition of the fourth cohomology group of M 8 

H\M S , R) = Hi + (M 8 , R) © H$ + (M 8 , R) © H* 7+ (M 8 , R) © ffJ B _ (M 8j R) . (5.8) 

In the above expression the numerical sub-index represents the dimensionality of the repre- 
sentation and the ± stands for a self-dual or anti-self-dual representation. We denote by 
the refined Betti number which represents the dimension of H™(Mq,M). It is shown in 
that for a compact manifolds which has Spin(7) holonomy b 7+ = 0, hence the decomposition 
(15. 8|) becomes 

H\M 8 ,R) =if 1 4 + (M 8 ,M)©i7 2 V(M 8 ,M)©^ 5 _(M 8 ,M). (5.9) 

Therefore on a compact Spin(7) holonomy manifold the internal flux can have three pieces 

F = Fi+ © F 27 + © F 35 - . (5.10) 

However we have showed in section |H] that the most general solution which emerges from the 
equations of motion has to be self-dual, therefore 

F 35 -=0. (5.11) 

Although not obvious, the vanishing of the F 35 - piece is related to the fact that the cos- 
mological constant is zero in the compactified three-dimensional theory. This is because the 
vanishing of the i 7 ^- piece is related to the second set of equations in (|5.6j) . To see this let 
us rewrite D^W using the definition (|5.1|) 

D A W = [ D A ttAF. (5.12) 

The variation of the Cayley calibration with respect to the metric moduli belongs to 
#* 5 _(M 8 ,R) and therefore 

D A W= [ £a A F 35 - , (5.13) 

J M s 
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1] 



hence DaW vanishes when F 35 - vanishes 

F 35 - = => D A W = 0. (5.14) 

In other words the general solution for the internal flux precludes a non-vanishing cosmo- 
logical constant in the effective three-dimensional theory. 

Regarding the first condition in ()5.6|) we can easily see that it is satisfied as long as 
F%+ = because the Cayley calibration belongs to H* + (M 8 ,M) and therefore we have that 



W= ttAF= QAF 1+ , (5.15) 

JMs J M s 

hence 

F 1+ =0 W = 0. (5.16) 

This means that the only piece from the internal flux that accommodates a supersymmetric 
vacuum is 

F = F 27+ . (5.17) 

Due to the fact that we obtain from the equations of motion that the internal flux has to be 
self-dual, i.e., the -F35- piece is identically zero, the only way we can break supersymmetry is 
by turning Fi+ on in such a way that we obtain a non- vanishing value for the superpotential. 
It is interesting to note that breaking the supersymmetry in this way does not affect the 
value of the cosmological constant which remains zero. 

Under these assumptions we can clearly see that the only supersymmetric solution that 
results from a warped compactification of .M-theory on a Spin(7) manifold is accommodated 
for a Minkowski background for the external space. The same result was obtained in a 



previous paper 



4, 



where no cosmological constant was obtained after compactification. 



6. CONCLUSIONS 



In the present paper we have analyzed the most general warped vacua which emerge from 
a compactification with flux of .M-theory on Spin(7) holonomy manifolds. The existence of 
the quantum corrections terms in the low energy effective action forced us to a perturbative 
analysis of the problem. The perturbative parameter "t" was defined in (|3.6|) . 

We have determined that a consistent solution for the equations of motion requires that 
the leading order term of the internal flux has to be self-dual (|3.34|) . We have also shown 
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that the internal manifold remains Ricci flat to the t~ 2 order in the perturbation theory 
(|3.22|) . By analyzing (j3.41j) we have shown that the Ricci flatness of the internal manifold 
is in general lost to order t~ 3 and only under the restrictive condition (|3.42|) the internal 
manifold remains Ricci flat. As a matter of fact this is the order in the perturbation theory 
where the influence of the quantum corrections terms is felt in the equations of motion and 
it is natural to expect deformations of the internal manifold to occur at this order. We have 
also derived a relation between the warp factor "A" and the external flux given by (|3.36|h . 

We have collected some of the properties related to the quartic polynomials in section 0] 
In particular in section [Ol we have shown that Jo vanishes on a Spin(7) background and 
we have computed its first variation (J4.2.14j) on a Spin(7) holonomy background. We have 
also determined a nice formula (|4.2.2(J|) for the trace of the first variation of Jo- 

In section El we have determined the condition (j5.17|) which has to be satisfied by the 
internal flux in order to obtain a supersymmetric solution. The analysis was based on 
the set of conditions ()5.6|) that were imposed to the superpotential. We have explained 
how a certain choice of the internal flux breaks the supersymmetry but leaves a vanishing 
cosmological constant. 

Acknowledgments 

I would like to thank Melanie Becker, Sergei Gukov and Axel Krause for useful discussions. 
This work was supported in part by the NSF grant PHY-0244722. 



22 



APPENDIX A: CONVENTIONS 



In what follows we present some conventions related to the Levi-Civita tensor density, 
some algebraic identities which involve generalized Kronecker delta and Levi-Civita symbols 
and a few useful T-matrix identities. We choose to have 

e 1 - 71 = 1, (A.l) 

and because the covariant tensor density e^...^ is obtained from e 01 """™ by lowering the 
indices with the help of the metric coefficients g a b, we will have that 

ei... n =g, (A.2) 

where g = det(g mn ) . Therefore the product of two Levi-Civita symbols can be reexpressed 
as 

a\...a n rai...a n / * n\ 

e e 6l ... 6n - gd bi bn . (A.3J 
The generalized Kronecker delta symbol which has appeared in ()A.3|) is defined as 

C:t; = ms* ■ ■ • % . (A-4) 

where the antisymmetrization implies a 1/n! prefactor, e.g., 

t[Jn]= ^Wn-Wl)- (A-5) 

For a single contraction of a (p + l)-delta symbol in an n-dimensional space we have 

therefore in an n-dimensional space a p-delta symbol is related to an n-delta symbol as 
follows 

<-a 1 ...a p mi...m n - p _ / x,^o 1 ...o p /a ? x 

b 1 ...b p m 1 ...m n _ p - \ n P) l %...b p ■ l A -'J 

As above, the antisymmetrization of two or more gamma matrices implies a 1/n! prefac- 
tor, e.g., 

r?n?i r[ m r n ] — ( r m r n r n r m j . (A. 8) 

Using the fundamental relation 13 

{r m ,r"} = 2C, (A.9) 



13 Written in this form the Clifford algebra and the identities (|A.10|I and l|A.ll|) are independent of the 
metric signature. 
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one can deduce the following gamma matrix identities 



and 



l 1 - mi L J iA m i 

{J^mni^ } = 2r mn , (A. 10) 

w ri = 2r r 



X 1 - mi 1 J iu m j 

[r mn ,r] = -4<r [m r n] , (a.h) 



APPENDIX B: USEFUL IDENTITIES 



In this appendix we derive some important formulas used in the derivations performed 
in section 14.21 At the end of the appendix we list some other useful identities providing the 
appropriate references for detailed explanations. 

In general one has 

[V m ,V„]r/= ^R mnpq r pq r), (B.l) 
therefore if rj is a Killing spinor then V m r/ = and we obtain the integrability condition 

RabmnT mn V = 0. (B.2) 

If we multiply (jB.2|) from the left with fjT cc i we obtain 

R ab mnV^c d T mn r ] = 0. (B.3) 
Using the identities (jA.10|) and ([A.lip . we can show that 

r a r mn = v a mn + s^T n - 5%r m , (b.4) 

and 

r ab r mn = r ab mn - 5 ab n - ^v b \ n] . (b.s) 

If we sandwich the relation ()B.5|) between rj and rj we obtain that 

r;r ab r mnV = n ab mn -5% n , (b.6) 
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where 

^abmn ^l^abmn^j (^■'^) 

is the Cayley calibration of the Spin(7) holonomy manifold and the Killing spinor is nor- 
malized to unity, i.e., fjr] = 1. We remind the reader that for a Spin(7) holonomy manifold, 
terms like r]V mi _ mp r] are not zero only when p = 0,4 or 8. For details see reference j^ . 
This is the reason why we have no contribution from the last term in (jB.5|) . Using (jB.6|) we 
can recast (|B.3|) as 

Rabmn^^cd = ZRabcd • (B-8) 

We have the following one index contraction between two Cayley calibrations (see for 
example [32 1 and 3^ |) 

rf abc n tmnp = 65? m 5 b J c P ] + 9<t^ 6cl „ p ] . (B.9) 

We use the following expression for the variation of the Riemann tensor in terms of the 
metric fluctuations 

8Rabmn = ~ V[ a | V m 5<?| fe ] n + V[ a | V n Sg\b]m ■ (B.10) 

The above result can be easily derived using the relation which exists between the derivative 
operators associated with two conformally related metrics. 



APPENDIX C: THE INVERSE METRIC AND OTHER DERIVATIONS 

In this appendix we derive the power expansion in t for the inverse metric and we provide 
some useful relations used in the analysis of section El We start with the derivation of the 
inverse metric g mn followed naturally by the expansions for the Riemann tensor, the Ricci 
tensor and the scalar curvature that correspond to g mn which has Spin(7) holonomy. Once 
we know this expansions we can perform a conformal transformation to find the correspond- 
ing tensorial quantities for the internal manifold 14 . Also at the end of this appendix we 
provide the expressions for the external and internal energy-momentum tensor associated 
with Fi and F 2 respectively and we list the results obtained for the term in the right hand 
side of (j3.1|) for the external and the internal case. 

14 We have to take into account that the full metric 1)3. 5[) is warped. 
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Let us consider two arbitrary square matrices A and B with real entries 15 . We want an 
expression for (A + B)~ l in terms of A, A~ x , B and B~ x . While there is no useful formula 
for (A + -B) -1 , we can use a Neumann series to invert A + B provided that B, for example, 
has small entries relative to A. This means that in magnitude we have 



lim (A B) n = . (C.l) 

n — » oo 

Under this assumption the inverse of A + B matrix can be expressed as an infinite series 

oo 

(A + B)- 1 = J2(~ A ~ lB ) k A ~ Y , (C2) 

k=0 

which in a first approximation is given by 

(A + B)- 1 = A~ 1 - A~ 1 BA~ 1 + ... . (C.3) 

The above setup helps us to compute the inverse of the matrix g mn introduced in ([3.8)1 . If 
we set A mn = t [g^ l '\ mr i and B mn = [g^] mn , which is the "small" matrix 16 , then the formula 
()(J.3|) translates into 

where we have defined 

[<? (1) r = [9 {1) Vn , (C5) 

[g { T n = -[s (1) r% {0) w<? (1) r, (c.6) 

and as usual g mn represents the inverse of g mn . 

By performing the appropriate conformal transformations we obtain the internal and 
external components of the eleven-dimensional Ricci tensor and the eleven-dimensional Ricci 
scalar that correspond to the metric ()3.5|) . The results are provided in terms of the un- warped 
quantities, denoted here without a tilde above the symbol 

R^(Mn) = R^(M 3 ) - 7]^ e 2 ^ [ AA + 3(V m A) (V rn A) + 6(V m A) (V m B) ] , (C.7) 
Rmn(M n ) = R mn (M 8 ) - 3V m V n A - 6V m V n S - g mn AB - 3(V m A) (V n A) 



15 The reader should not confuse these matrices with the warp factors. 

16 The perturbative parameter u t" was introduced in (|3.6|l and in our case "t" is considered to be much 
bigger than the unity. 
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+ 3(V m A) (V n S) + 3(V„A) (V m S) - Sg mn (V k A) {V k A) 
+ Q(V m B) (V n B) - 6g mn (V k B) (V k B) , (C.8) 
R(M n ) = e~ 2A R{M 3 ) + e~ 2B R(M s ) - e~ 2B [6AA + UAB 

+ 12(V m A) (V"M) + 42(V m 5) (V m B) + 36(V m A) (V m 5) ] , (C.9) 



where A = V m V m . We mention that formulas (2.34) - (2.36) in 39] represent a generaliza- 
tion of the above equations 17 . Because the warp factors A and B are of order t~ 3 we will 
truncate ()C.7j) . (|C.8J) and (|C.9j) and we will retain only the linear contributions in A and B. 
The "linearized" expressions are 

R^(M n ) = R^(M 3 ) - r]^ A A + ... , (CIO) 
Rmn(Mu) = R mn (M 8 ) - 3V m V n A - 6V m V„5 - g mn AB + . . . , (C.ll) 
R(M U ) = R(M 3 ) + R(M 8 ) - QAA - UAB + ... . (C.12) 

Let us compute the external and the internal components of the energy-momentum tensor 
associated with the field strength F. Because of the specific form ()3.14|) of the background 
flux the energy-momentum tensor defined in (|3.2j) will have the following form 

Tfiv = -3^(V TO /) (V"7) - \^ v F ahmn F ahmn + ..., (C.13) 

T mn = -6(V m /) (V n /) + 3g mn (V p f) (V p /) 

1 

~^~F ma ]ypF n ^ ~QmnFabprF ~\~ ■ ■ • j 
O 

where the ellipsis denote higher order terms which contain warp factors. We are also inter- 
ested in computing the trace of the above tensors 

rfT^ = -%V m f){V m f)-lF abmn F abmn 

o 

= -9[^ (1) ] m "[V m /( 2 )][V n /( 2 )]r 5 - ^[F^] abmn [F^r bmn t~ 4 + ■ ■ ■ , (C15) 

o 

g mn T mn = 18(V m /)(V m /) = 18[^] m "[V m / (2) ][V„/ (2) ]t- 5 + ... , (C.16) 

where we have provided the leading order contribution of these terms. We want to note that 
trace of T mn vanishes to order t~ A in the perturbation theory. 

17 The reader must be aware of a small typo in formula (2.35) of where the term —dd m Ad n B should 
read —dd m Ad n A. 
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The external component of the left hand side of equation ((!rTj) is 



-P- 



5 



p 



(C.17) 



where we have used ()4.1.2|) and the fact that Jo (Ma) does not depend on the external metric 
and it vanishes on a Spin(7) holonomy background 18 . The internal component of the left 
hand side of equation (j3.1j) is 



5 



-g Sg mn 



-g{Jo 



-Ea 



-P 



5Y 

5g mv 



(C.18) 



where we have used equation 1)4.1.4)1 and 5Y/5g mn is given in ()4.2.14)) . The trace of the 
above equation is 



-P- 



6 



2 15 /?A[4£ 6 (M 8 ) +Q-z] 



(C.19) 



where we have used ()4.2.2(Jj) . It is obvious that (jC.19|) is of order t 4 in the perturbation 
theory. 



See section FOl for details. 
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